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The problem of optimal planning for a design office comprising PERT-COST network projects with different prioritiesis
solved. At the upper level — the design office level — the problem centres on reassigning the total budget in order to optimize the
combination of projects reliabilities and priority values. At the second level — the project level — the problem's solution boils down
to optimal budget reassignment among the project's activities subject to the least permissible project's reliability value. The solution
is obtained by a combination of heuristic and Monte-Carlo methods.
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1. Introduction

This paper is actually a continuation of paper [6] where the problem centres on determining
the minimal budget value assigned to a PERT-COST project as well as local budget values assigned to
the project's activities. In the paper under consideration a hierarchical optimal planning model comprising
two levels, is outlined. Only planning techniques are considered. Unlike papers [2-5], we will implement
at each hierarchical level, Monte-Carlo methods.

2. Notation

Let usintroduce the following terms:

C - total design office budget (pregiven);

G, (N, A) - the k -th stochastic network project (graph) of PERT-COST type, k =1,2,...,Nn;

n - the number of projects;

Dy - the due date of the K -th project (pregiven);

My - priority value of the K -th project (pregiven); note that if le(N,A) is of higher
importance than sz(Nv A), relation My, > Tk, holds;

Cy - budget assigned to proj ectGk(N, A) (to be optimized);

Dy - theminimal acceptable project’s G, (N, A)reliability (pregiven);

T, - random duration of project G, (N, A);

(i) ), - adtivity entering G, (N, A);

c(i , j)k - budget assigned to (i : j)k (to be determined and optimized);

t(i, j), - random duration of (i, j), ;

Cmin(i vl )k - the minimal possible budget to operate activity (i V] )k (pregiven);

Crrax (i v )k - the maximal possible budget to operate activity (i N )k (pregiven);

R.(Cy) - the maximal reliability value Pr{'l'k <Tk|Ck} on the basis of assigned budget C, ;

X - search point vector;

0C, - search step value for the local budget C, ;

5¢cy - search step value for the d -th coordinate, d =1,2,..., M ;
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M - the dimension of the Euclidean search space (number of activities (i , j)k );
A - the pregiven minimal accuracy of the local search process;
Y - arandom M, -dimensional value uniformly distributed on a unity simplex;

p{t(i, j)e,cli,j) - thep.df. of t(i, ), on condition that budget (i, j), is assigned to (i, j), . Note

that R{C, } = max Pr{Tk <TCeo Dcliv i) = Ck} subject to

{eli ik (%
ZC(i, J)k = Cy *Cmin(i1 J)k < C(i’ J)k < CmaX(i’ j)k’ (i’ J)k CGk(N’A),

holds;

Y, - the pregiven number of consecutive unsuccessful random steps undertaken from
aroutine initial search point;

Y, - the pregiven number of simulating initial search points.

Note, in conclusion, that similar to [5-6], for each activity (i, j)k budget C(i, j)k assigned to that
activity enters parametrically in the corresponding p.d.f. p{t(i, j)k,c(i, j)k}.

3. The General Problem

The problem centres on determining:

e budget values C;, k=12,...,n, assigned to dl projects G, (N, A),

« local budget values c'(i, j ), assigned to activities (i, j ), = G,(N, A),
—in order to maximize objective

W=maxkzn:Rk(CE)-77k &)
subject to N

yci=C, @
k=1

R(C:)= i, )
Cmin(i'j)kSC*(i'j)kSCmax(i’j)k' (4)

Problem (1-4) is a sophisticated and complicated problem which can be solved by a combination of
heuristic and simulative methods.

4. Auxiliary Problem |

In [6] an auxiliary Problem | isformulated.
Given G (N,A), Dy, (i, J} =GN, A), Crynlis i Craclis i)y PItlEL )l D)} and €,

determine local budget values c*(i, ), assigned to al activities (i,]), = G(N,A), in order to
maximize the project’ s reliability, i.e., determine

q,Zdwh=Q} ®)

R(Cy) = max PriT, <D,
1 (Y

subject to (2, 4).
Two different algorithms of solving Problem | can be used, namely:
¢ thealgorithm based on heuristic procedures,
e the Monte-Carlo algorithm.

In order to simplify the algorithms and taking into account that both algorithms refer to single
projects, we will omit further on index k.
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5. Heuristic algorithm (Algorithm I)

The steps of the well-known classical heuristic algorithm [2—4] are asfollows:

Step 1.

Step 10.

By any means reassign C among all activities (i, j ) entering G(N, A) subject to (2, 4). Note
that C exceeds Y C,(i,]), otherwise project’s reliability R equals zero. Thus, it is
(@
always possible to undertake a feasible, non-optimal distribution. In case C> > ¢, (i, )
{60}

values C(i, )= Coelii, §)-

Implement cfi, j) obtained at Step 1 into the given p.df. pft(i, j), c(i, j)} for al activities
(i,j)c G(N,A).

Simulate values t(i, j) with p.d.f. obtained at Step 2, (i, j) = G(N, A).

Calculate the critical path length of the project L, (G, {t(i, j)}).

Determine | activities (i, j ) = G(N, A), which belong to the critical path.

Repeat Steps2-5 N timesin order to obtain a representative statistics.

Calculate ratio N%\l —RY  whee N’ is the number of simulated values

L, (G(N, A), {t(i, j)}) which do not exceed the due date D, and q is the number of the
current iteration.

Compare two adjacent ratios R@ and R _ i both relations

R 5 Rl (6)
R _ gla-1)

hold (value A isexternally given), apply the next step. If relation (6) does not hold, go to Step
14, with values (i, j) obtained at the (q—1)-th iteration. If relation (6) holds but (7) do not

hold, proceed to Step 14 with (i, j ) obtained a the q -th iteration.
Calculate frequency p(i, j) of each activity (i, j) to be on the critical path (using Step5 for

N simulations).
Reschedule all the activities in a descending order of values

v(i,1)= 0, 1) w0, j.cl, ), ®
where y isthe average value for thep.df. pit(i, j).c(i,j)}-

For activitieswith (i, j): 0 reschedule those activities in descending order of their average
values (i, j,c(i, j)).

Determine activity (i, j . )with the highest priority for which relation
lecmax(i§1j§)_c(i§’j§)>o ©)
holds. Activity (i, j, ) isplaced at the beginning of the sequence and refers usually to critical
activities.

Determine activity (i, j, ) with the lowest priority for which refation

Z, :C(in’jn)_cmin(in’jn)>o (10)
holds. Activity (i, ],) is placed a the end of the sequence and is usually a non-critica
activity, which practically has no influence on the project’ s reliability.

Reassign cost value Z = min(Z,,Z,) from activity (i,i, jq) to activity(ié, jg). Return to

Step?2.
The algorithm terminates. Values c(i, j) obtained after decision-making at Step 7 determine
the maximal project’sreliability R(C).
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Extensive experimentation shows [2—4, 7] that the outlined above Algorithm | is less efficient than

the Monte-Carlo algorithm, especially in cases of relatively small amounts of projects entering the design
office. Therefore for both hierarchical levels—the project and the company level —we will use the Monte-
Carlo approach.

6. Monte-Carlo algorithm (Algorithm I1)

Step 1.

The algorithm’ s novel step-wise structure is as follows:

Generate by means of Monte-Carlo method [1] M independent random varieties with p.d.f.
p(x)=€™; let them be @;,,,...,a, . HereM is the number of activities (i, j) entering
project G(N, A).

Ay
M
Z“d
d=1
M

ﬁ*z( 1,...,,8,\,,) is distributed uniformly on simplex Zﬂd =1, 0<p,<1,
d=1

Calculate random varieties f,,..., 8 , where B, =

. It can be proven that vector

d=12..M.
Repeat Steps 1—> 2 to obtain another independent vector 4™ .
. — M
Calculatevector 7 = 8 — " The latter satisfies Y 74 =0, -1<y, <1, d=12,..,M .

d=1
Enumerate all activities (i, j) entering the project G(N, A), by different ordinal numbers

from1to M . Denotethe d -th activity by a, , it's corresponding minimal and maximal local
budgets by C.;,4 and C., 4, and the budget to be assigned and determined in the course of

solving the general problem—by c,, d =12,...,.M .

Simulate by means of Monte-Carlo theinitial search point 63

6(? = Cring +b : (11)
where
bd = (Cmaxd ~Crind )ﬂ; O ) (12)
C- icmind
© = 11 : (13)
dzl[(cmaxd ~Crind )ﬂ;]

In case when for some activities a, cf; > Craxd » SEt cf; =Crnaxd -

Similarly to Step 10 of Algorithm I, reschedule al activities in the descending order of their
contribution to the project’ s reliability.

M
Calculate C'= cg . If C'>C, calculate the difference C'—C and diminish the budget of
d=1
non-critical activities in order to equalize the summarized decrease to that difference. The
process of diminishing the budget starts from below, i.e., from the least important activities.
In case C' <C the calculated difference C—C’ has to be spent on increasing the budget of
critical activities, starting from above according to the previously rescheduled activity
sequence.

Denote by cg the finally obtained budget levels, d =1,2,...,M .
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Solve the classical simulation problem to simulate reliability  vaue
R(C)=Pr{T, <D/C,c(i,).Crin (i, ] s Crac (i, j)}. The problem can be solved by
determining p.d.f. p{t(i, e, j)e cg} for all activities entering the project and later on,
by simulating values t(i, j), (i, j)c G(N,A). Afterwards, by repeating Step 10 numerous
times (similar to Steps 2-7 of Algorithm 1), reliability value R(C) is determined. Call it

henceforth value R?, i.e,, theinitial search point’s reliability.
Undertake alocal search from the initial point

XOpAX = XW, (14)
where AX isthe random search increment.
Here X © =% and AX =7 -8¢,, where Sc, isthe d -th coordinate's search step and 7,

has been obtained at Step 4.
In the course of carrying out the local random search, we will use the optimum trial random

search algorithm [1]. Step 12 centres on considering a sequence of Q independent
M -dimensional increments A)Zq, q=12..,Q, with g vectors y, =(7/ql,7/q2,...,7/qM)

M
satisfying Z;/qd =0. After implementing each ( -th increment a correction of coordinate
d=1

values is undertaken as follows: if C((jl) > Craxd SEt Cgl) =Cpaxg and in case C((,l) < Cpjing Set
1
Cc(i) = Chind -

Later on an additional correction for each q -th increment A)zq has to be undertaken similar
to that described at Step 9.
At each search point Xél), g=212,...,Q, Step 10 is applied to calculate the project’s

reliability R()Zél)). Take the search point with the maximal value R()Zél)), 1<E<Q. If
R()Zél)) exceeds R()ZO), point )Zél) is chosen as the new initial search point, i.e,
X = )Z(O).Go to the next step.

¢
If R()Zél)) does not exceed R()Z 0) the search terminates at point X0,

Note that in the course of undertaking a local random search vector 7 is aways renewed by
operating Steps 1-4.
Check relation

RX{)-RIX )
R()’(’ (0))

If (15) holds, return to Step 11. Otherwise apply the next step.

Store the results of the local search process [vector €, , R )2(1))] in aspecia array.

> A. (15)

Counter f of the number of simulating initial points X © works, f = f +1.

If f <Y, returnto Step 1. Otherwise apply the next step.

Take the maximal project’s reliability of the Y initial search points stored in a special array
(see Step 15). The corresponding reliability R(C) together with the optimal vector &, , isthe
solution of ProblemI.

7. Auxiliary Problem I1

The problemis asfollows:
For a single PERT-COST project G(N,A) with given vaues c.,(i,j), Coax(ivi)

(i,j)= G(N,A) and p°, determine the minimal budget C assigned to that project, together with values
cli, ), which enables
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B (16)

Thus, the problem's formalization is as follows:

minC 17
subject to
RC)=Pr{T <D/C}> p’ (18)
and (2, 4).

The enlarged step-wise algorithm to solve Problem I is as follows:
Stepl Set C= Y Cpinisi)-

1.1}

Step 2. Set counter h:=1.
Step 3. Calculate C:=C+h-S5C.

Step 4. Solve auxiliary Problem | to obtain R(C).

Step 5

Compare R(Cg) and p*. If RC5)>p* holds, proceed to Step 7. Otherwise apply the next

step.
Step 6. Counter h works, h:=h+1. Return to Step 3.
Step 7. The agorithm terminates with the minimal budget value obtained at Step 3 and values cfi, j)
determined by solving auxiliary Problem | at Step 4.
Note that value C obtained at Step 1 enables solving Problem B at Step 4. However, the
corresponding initial reliability value R(C) will be extremely small.

8. The General Problem (GP)

The general idea of solving GP (1-4) is based on implementing the Monte-Carlo method and is
very similar to the algorithm outlined in Section 6. The enlarged algorithm's step-wise structure is as

follows:
Step 0.

Given (see Notation):

e total budget value C;

e locd projects G, (N, A), k=12,...,n;

e priority values 7, , k=12,...,n;

e duedatevalues D,, k=12,...,n;

e values Cmin(i1 J)k and Cmax(i’ j)k' k=L2,...,n, (|1 J)k CGk(N’A);

e minimal projects reliability values p .

Solve separately for each project G, (N, A) auxiliary Problem 11. Determine the minimal
budget valuesby C;, k=12,...,n. Thus,

C; =min(C,) (19)
subject to
RIC)= pic. 20)
Check inequality
n
C>>C. (21)
k=1
If the inequality does not hold, the general problem has no solution. Otherwise calculate
n
AC=C- Z Cy -
k=1

Similarly to Steps 1— 2 of Algorithm Il for solving auxiliary Problem I, generate N random

— n
values B, 35 ,....3, with vector B” being distributed uniformly on simplex > ¢ =1.
k=1

Simulate the initial search point X ©

32



Step 4.
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X0 =0 =, +aCf,. @)
Calculate objective W for the initial search point
n
we =3 R (). (23)
k=1
where R((CI((O)) is calculated by means of solving auxiliary Problem | (either by using Section
5 or Section 6).
Similarly to Steps 3 and 4 of Monte-Carlo Algorithm 11 (see Section 6), calculate vector
7=5"-F" (24)
which satisfies
n
> 7 =0,-1<y, <1, k=12..,n. (25)
k=1

Undertake a routine search step in an n -dimensional space X © = X where X is
determined by

X :>”<(0)+Ac.77_ (26)
If in the course of any search step coordinate k , K=12,...,n, satisfies, the search step is
regarded non-feasible, and we apply Step 11. Otherwise proceed to the next step.

Calculate objective w® (see Step 5) for the search point X in order to compare values
w© and w®.

If W® >W©  search point X is set astheinitial one, W =W ©; clear counter f and
return to Step 6. Otherwise apply the next step.

Counter f, of the number of consecutive unsuccessful search steps taken from search point
X© works, f, = f,+1.

If f, <Y, return to Step 6 to simulate the next routine search step to be made from point

X ©) Otherwise, apply the next step.
Counter f, of the number of simulated initial search pointsworks, f, = f, +1.

If f, <Y,, return to Step 3. Otherwise, proceed to the next step.

Choose the maximal value of objective W from Y, initial search points stored in a special
array; consider the chosen value to be the optimal value w©r),

For all values C{ entering objective W™ remember all values c{i, j), which have been
previously determined at Step 5.

optimal values ¢'™(i, j), , which together with values C, have to be stored in a special
array, form the general problem's solution.

9. Conclusions

The following conclusions can be drawn from the study:

1

2.

3.

The paper presents a hierarchical budget reassignment mode! in the form of unification of severa
single-level models.

Single-level models can be optimized by means of Monte-Carlo methods as well as sophisticated
heuristic techniques.

When the number of projects entering the design office is relatively small we suggest using the
Monte-Carlo approach.
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